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Abstract 



Poisson homogeneous spaces for Poisson groupoids are classfied in terms of Dirac structures 
for the corresponding Lie bialgebroids. Apphcations include Drinfel'd's classification in the case 
of Poisson groups and a description of leaf spaces of foliations as homogeneous spaces of pair 
groupoids. 



1 Introduction 

Dirac structures on manifolds include closed 2-forms, Poisson structures, and foliations. They 
extend the flexibility of computations with such objects by permitting the passage to both sub- 
manifolds and quotients. The combination of these two operations is central to the theory of 
reduction in Poisson geometry. Dirac structures were introduced by Courant and Weinstein Q and 
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thoroughly investigated by Courant in j^] . Dorfman [^] used Dirac structures in the context of the 
formal calculus of variations for the study of completely integrable systems of partial differential 
equations. 

Under a regularity assumption which is always satisfied on an open dense subset, a Dirac 
structure on a manifold P is locally the same thing as a Poisson structure on the leaf space of a 
fohation of P.[] 

An essential object in the theory of Dirac structures is a natural antisymmetric bracket operation 
(see Equation (^) on the sections of TP (B T*P introduced by Courant. Although this Courant 
bracket does not satisfy the Jacobi identity, it does satisfy that identity on T{E) when ii^ is a 
subbundle of TP © T*P which is maximal isotropic for the symmetric form (Xi + ^i, ^2 + ^2)+ = 
^{{S,i,X2) + (^2,-^1)) and whose sections are closed under the bracket. (For instance, we recover 
the usual bracket of vector fields on TP © and the zero bracket on © T* P.) 

The theory of Dirac structures finds an echo in Drinfel'd's theory of Lie bialgebras and Poisson 
homogeneous spaces [^@. A Lie bialgebra (fl,0*) can be thought of as a pair of Lie algebra 
structures on a vector space g and its dual having a common extension (which turns out to be 
unique) to a Lie algebra structure on g © g* for which the symmetric form ( , )+ is ad-invariant. 
The Lie algebra g © 0* is called the double of the Lie bialgebra (g, g*). 

The main result of is that maximal isotropic subalgebras of the double correspond (modulo 
some details concerning closedness and connectedness of subgroups) to Poisson homogeneous G- 
spaces, where G is the Poisson Lie group whose linearization is the given Lie bialgebra. 

The similarities between the Courant bracket and the bracket on the double of a Lie bialgebra 



were explained in our recent paper |11], where both were exhibited as special cases in a theory 
of doubles of Lie bialgebroicfe. Since the bracket on sections of a Lie algebroid A over P satisfies 
the Jacobi identity, while the Courant bracket does not, it is clear that one must look beyond Lie 
algebroids to find these doubles. Hence we introduced in a notion of Courant algebroid, in 
which the Lie algebroid axioms for a bracket on T(A) and a bundle map a : A ^ P are satisfied only 
modulo certain "coboundary anomalies," explicitly described in terms of a nondegenerate bilinear 
form on E which is part of the Courant algebroid structure. When P is a point, the anomalies 
vanish, and a Courant algebroid is just a Lie algebra with a nondegenerate ad-invariant symmetric 
bilinear form. 

Although more explicit descriptions are available (see Section |2|) , we can define a Lie bialgebroid 
as a pair of Lie algebroid structures on a vector bundle A and its dual having a common extension 
(which turns out to be unique) to a Courant algebroid structure on A (B A* with the symmetric 
form ( , )+. For the original Courant bracket, A = TP with the usual bracket of vector fields and 
A* = T*P with the zero bracket on 1-fomrs. When P is a point, we recover the Lie bialgebras. Lie 
bialgebroids arise as the linearizations of (possible local) Poisson groupoids G, in which the bracket 
on A determines G, while the bracket on A* determines a compatible Poisson structure. 

If {A, A*) is a Lie bialgebroid over P, we can now define an {A, A*) Dirac structure on P to 
be a maximal isotropic subbundle of the Courant algebroid L C A(B A* which is closed under the 
bracket. Since the Lie algebroid anomalies are defined in terms of ( , )+, they vanish on L, which 

^Dually, under a slightly different regularity assumption, it is the same as a smooth family of closed 2-forms on 
the leaves of a foliation of P (generally different from the foliation in the first description). 
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is therefore an ordinary Lie algebroid. 



The main result of this paper, already announced in [11|, is that there is a 1-1 correspondence 
between (A, A*) Dirac structures on P satisfying a certain regularity condition and Poisson homo- 
geneous spaces of the form G/H, where G is a Poisson groupoid whose tangent Lie bialgebroid is 
{A, A*), and H is a subgroupoid of G which is closed and wide, i.e. containing all the identity 
elements. (We will assume throughout this paper that all our groupoids are a-connected; i.e. the 
fibres of the source map are connected). Drinfel'd's theorem is the special case of this for P a 
point, while for ordinary (i.e. (TP,T*P)) Dirac structures, we recover their description as Poisson 
structures on quotient manifolds of P. 

On the way to our main result, we develop several topics of independent interest. First of all, we 
extend to {A, A*) Dirac structures the original application of Dirac structures to Poisson reduction. 
A technical complication here is that we must deal with quotient spaces for which the projection 



is not a Poisson mapping. This renders the streamlined methods of "coisotropic calculus" |19] 
inapplicable, and we need to do a number of computations by hand. Eventually, it will be useful 
to develop a modified coisotropic calculus to hand Dirac reductions directly. Second, we study 
puUbacks of Dirac structures under morphisms of Lie bialgebroids. Finally, we discuss the general 
notion of homogeneous spaces for groupoids. 

Here is an outline of the paper. Section 2 is a review of basic definitions and properties of Lie 
bialgebroids, Courant algebroids, and Dirac structures (we will often omit the prefix "(A, ^*)", 
which is still implied). In Section 3, we establish a correspondence between Dirac structures and 
Poisson structures on quotient manifolds. Using this correspondence, we characterize in Section 4 
the Dirac structures which are invariant under Poisson actions of groups, and we prove Drinfel'd's 
theorem by extending a (0,0*) Dirac structure to a left-invariant {TG,T*G) Dirac structure on G. 
(Here, the bialgebroid has the nontrivial bracket on 1-forms coming from the Poisson structure on 
G.) Section 5 contains a theorem about pullbacks of Dirac structures, which is used in Section 6 to 
extend {A, A*) Dirac structures on P to "left-invariant" (TG, T*G) Dirac structures on the Poisson 
groupoid G. These invariant structures are then related to Poisson structures on quotients of P. 
Section 7 establishes a characterization of Poisson actions of Poisson groupoids. Finally, in Section 
8, we define Poisson homogeneous spaces and then use the results of Section 6 to prove our main 
theorem. 

Acknowledgements. In addition to the funding sources mentioned in the first footnote, we 
like to thank several institutions for their hospitality while work on this project was being done: 
the Isaac Newton Institute (Weinstein, Xu); the Nankai Institute for Mathematics (Liu, Weinstein, 
Xu); IHES, Max-Planck Institut and Peking University (Xu). Thanks go also to Yvette Kosmann- 
Schwarzbach, Jiang-hua Lu, and Kirill Mackenzie for their helpful comments. 



2 Dirac structures on a Lie bialgebroid 

The notion of Lie bialgebroids is a natural generalization of that of Lie bialgebras. Roughly speak- 
ing, a Lie bialgebroid is a pair of Lie algebroids {A, A*) satisfying a certain compatibility condition. 
Such a condition, providing a definition of Lie bialgebroid, was given in [|l^. We quote here an 
equivalent formulation from 
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Definition 2.1 A Lie bialgebroid is a dual pair {A, A*) of vector bundles equipped with Lie al- 
gebroid structures such that the differential d* on T{A*A) coming from the structure on A* is a 
derivation of the Schouten-type bracket on T{/\*A) obtained by extension of the structure on A. 
Equivalently, d^ is a derivation for sections of A, i.e., 

d^[X,Y] = [d^X,Y] + [X,d^Yl vx,Fer(A). (1) 

For a Lie bialgebroid {A,A*)^ the base P inherits a natural Poisson structure: 

{/, g}p =< df, d,g >, yf,g E C7-(P), (2) 

where : C°°{P) — > r(^) and d : C°°{P) — T{A*) are the usual differential operators associ- 
ated to Lie algebroids It is easy to check the identity 

[df, dg] = d{f, g}p. (3) 

Given a Lie bialgebroid {A, A*) over the base P, with anchors a and a^, respectively, let E 
denote their vector bundle direct sum: E = A(B A* . On E, there exist two natural nondegenerate 
bilinear forms, one symmetric and another antisymmetric, which are defined as follows: 

(Xi + 6, ^2 + 6)± = ^((6, ^2) ± (6, ^i)). (4) 

On r(£^), we introduce a bracket by 

[61,62] = {[Xi,X2] + L^,X2 - Li:^Xi - d,{ei,e2)-) + {[^1,^2] + Lx,^2 - Lx.^i + d{ei,e2)-), (5) 
where ei = Xi + ^1 and 62 = X2 + ^2- 



Finally, we let p : E — TP be the bundle map defined by p = a + a*. That is, 

p{X + C)=a{X)+a40, € r(A) and e G r(^*). (6) 

When (A, A*) is a Lie bialgebra (g,g*), the bracket above reduces to the famous Lie bracket of 
Manin on the double g ® g*. On the other hand, if A is the tangent bundle Lie algebroid TM and 
A* = T*M with zero bracket, then Equation (|5|) takes the form: 

[^1+6,^2 + 6] = [Xi,X2] + {Lx,^2- Lx,Ci + d{ei,e2)-}. (7) 

This is the bracket first introduced by Courant |3|, then generalized to the context of the formal 
variational calculus by Dorfman In general, E together with this bracket and the bundle map 
p satisfies certain properties as outlined in the following: 



Proposition 2.2 [111 Given a Lie bialgebroid {A, A*), let E = A(B A*. Then E, with the nonde- 
generate symmetric bilinear form (•,•)+, the skew- symmetric bracket [•, •] on T{E) and the bundle 
map p : E — > TP as introduced above, satisfies the following properties: 
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(i) . For any 61,62,63 eT{E), [[ei, 62], e^] + c.p. = VT{ei, 62, 63); 

(ii) . for any 61,62 E ^{E), ^[61,62] = [pei,p62]; 

(iii) . for any 61,62 G T{E) and f G C^{P), [ei,fe2] = f [61,62] + {p{ei)f)62 - (61,62)^/; 

(iv) . poV = 0, i.e., for any f,ge C^{P), {Vf,Vg) = 0; 

(v) . for any 6,hi,h2 G ^{E), p{6){hi,h2) = ([e,/ii] + P(6, /ii), /12) + {hi, [e,h2] + V{e,h2)), 

where ^ 

^'(61,62,63) = -([61,62], 63) +c.p., (8) 

and V : C°°{P) — > r{E) is the map: V = + d. 

Objects satisfying the above properties are called Courant algebroids in In other words, 
we have: 

Theorem 2.3 If (A, A*) is a Lie bialgebroid, then E = A (B A* together with ([•,•], /j, (•, •)+) is a 
Courant algebroid. 

In this case, E is called the double of the Lie bialgebroid. 

Definition 2.4 Let E = A(BA* be the double of a Lie bialgebroid {A, A*). A subbundle L of E is 
called isotropic if it is isotropic under the symmetric bilinear form (•, •)+. It is called integrable if 
r(L) is closed under the bracket [■, ■]. A Dirac structure, or Dirac subbundle, of the Lie bialgebroid 
{A, A*) is a subbundle L C E which is maximally isotropic and integrable. 

The following proposition follows immediately from the definition of Dirac structures, and 



Properties (i)-(v) of Proposition 2.2 



Proposition 2.5 Suppose that L is an integrable isotropic subbundle of a Courant algebroid 
{E,p, [■, ■], (•, •)). Then {L,p\l, [■, •]) is a Lie algebroid. In particular, any Dirac subbundle itself is 
a Lie algebroid. 



3 Dirac structures and Poisson reduction 

Suppose that (A, A*) is a Lie bialgebroid over the base manifold P, with anchors a and a* respec- 
tively. Let E = A(B A* denote its double, and let L C be a Dirac subbundle. Clearly, L fl ^ is 
a (singular) subalgebroid of A, and therefore T> = a{L A) is an integrable (singular) distribution 
on P. We call P the characteristic distribution of L. Let J- denote the corresponding (generally 
singular) foliation of P. 
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Definition 3.1 A Dirac subbundle L C E is called reducible if its characteristic distribution V 
induces a simple foliation. Here by a simple foliation, we mean a regular foliation T such that P 
is a nice manifold such that the projection is a submersion. 

A function f € C°°{P) is called L-admissible if there is a section in r(^), denoted by Yf (Yf 
may not be unique), such that Yj + df & r(L). We write Cf^{P) for the set of all L-admissible 
functions. 

Let L C E he a reducible Dirac structure. Then / is L-admissible iff / is constant along T, 

i.e., 

C£°(P) ^ C°°(P/.F). 
For any f,g€ Cf^{P) admissible, define a bracket by 

{f,g} = p{ef)g, (9) 
where Cf = Yf + df , which is unique up to a section of L (1 A. 

Theorem 3.2 Suppose that L is a reducible Dirac structure. The bracket defines a Poisson 
structure on C°°{P/J-). 

Proof. From the definition, we have 

{f,g} =< Yf,dg > + < df,d,g >, V/,5 G CnP). 

On the right hand side, the first term is skew-symmetric since L is isotropic. The second term 
is just the Poisson bracket on C°°{P) as defined by Equation (|2|). Hence, {•, •} is skew-symmtric. 

Next, we prove that C'^{P) is closed under this bracket and the Jacobi identity holds. 

Let [e/,ec,]* denote the component of [e/,eg] on T{A*). According to Equation (|5[), 

[e/: eg]* = [df, dg] + Lvjdg - Ly^df + d{ef, Cg)- 

= [df, dg] + Lvjdg - Lvgdf + d{ef, Cg)- + (i(e/, eg)+ 
= d{f,g}p + d<Yf,dg > 
= d{f,g}. 

This means that {f,g} is also L-admissible and one can take [ef,eg] as e{f^g}- It follows that 

{{f,g},h} = p{e{f,g})h = p{[ef,eg])h = [p{ef), p{eg)]h = {f,{g,h}} - 
That is, {•, •} defines a Poisson structure on P jT . 

Q.E.D. 

In what follows, we apply the result above to a special class of Lie bialgebroids: Lie bialgebroids 
of Poisson manifolds. Moreover, we will prove that in this case Dirac structures, roughly speaking, 
are in one-one correspondence with Poisson structures on quotient spaces of the Poisson manifold. 
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Given a Poisson manifold (-P, vr), its cotangent bundle T*P inherits a natural Lie algebroid 
structure, called the cotangent Lie algebroid of the Poisson manifold P Q. On the other hand, the 
tangent bundle TP is a Lie algebroid in an evident sense. It is known that they constitute a Lie 
bialgebroid [^]. For simplicity, we will use {TP,T*P;tt) to denote this Lie bialgebroid. 



As a special case of Theorem 3.2, therefore, any reducible Dirac structure L on its double 
TP © j'*p will induce a Poisson structure on the quotient space P/J^. 

Conversely, suppose that V is an integrable distribution on P with foliation J^, which is simple. 
Assume that M = P jT has a Poisson structure. Let J : P — > M denote the natural projection. 

To keep under control the fact that J is not a Poisson map, we define a "difference" bracket 
C~(M) X C7°°(M) — > C^{P) by: 

= J*{f,g} - {J*f,rg}p, V/, g G C^{M). (10) 

It is easy to see, by using the Leibniz identity of Poisson brackets, that this bracket defines a 
skew-symmetric bilinear form on the conormal bundle P^, which in turn induces a bundle map 

A:V-^ — > TP/V. (11) 

Let pr : TP — > TP/V be the natural projection. 
Define a subbundle L cTP®T*Phy 

L = {{ly, 0\pr{i^) = Ae, Vi. eTP,^e V^}. (12) 

It is clear that L is a maximal isotropic subbundle of TP © T*P, and Cf^{P) = C°°(M). For 
any / G C'^{P), it is easy to see, from definition, that there exists a vector field Yf G '^{P) such 
that Yf + df G r(L). And in fact, r(L) is spanned by all those sections of the form g{Yf + d/), 
for / G Cf^{P) and g G C°°{P). To prove that L is integrable, it suffices to show that the bracket 



is closed for those sections having the form Yf + df according to Property (iii) of Proposition 2.2, 
since L is isotropic. 

Given any / and g G C£°(P). Let Cf = Yf + df he a section in r(L). Similarly, let eg = Yg + dg 
and e{f^g} = Y{f,g} + d{f,g} G r(L). It is easy to check that 

Pief)9 = {f,g}- 

By virtue of the Jacobi identity, we have 

p([ef,eg]-e^f^g})h = 0, ^ f ,g,h e Cf{P). (13) 



Since the component of [e/, e^] on T{T*P) is d{f^ g} according to the proof of Theorem 3^, [e/, Cg] 
^{f,9} ^ section in T(TP). Thus Equation (|l3|) implies that 

[ef,eg]-e{f^g}eriLnTP)criL). 

Hence, [ef,eg] G r(L), and therefore L is integrable. 
This proves the following 
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Theorem 3.3 Suppose that P is a Poisson manifold. There is a one-one correspondence between 
reducible Dirac structures in the double E = TP (BT*P and Poisson structures on a quotient space 
P/T. 

Remark (1). This is a generalization of a result of Courant As a main motivation for the 
introduction of Dirac structures, Courant proved that a Dirac structure on TP © T*P, when P is 
equipped with the zero Poisson structure, induces a Poisson bracket on a quotient space. In fact, 



the first part of Theorem 3.3 can be obtained by reducing to the zero Poisson case. This can be seen 
as follows. If P has a non-trivial Poisson structure, the double TP (BT*P, as a Courant algebroid, 
is still isomorphic to the double studied by Courant. As a consequence, any Dirac structure will 
thus induce a Poisson structure on the quotient. However, the converse seems to be new. 

(2). If the Poisson structure on the quotient P/T is induced from that on P, i.e., the projection 
J is a Poisson map, then it is simple to see that L = T> ® T>^. This is called a null Dirac structure 
(see [11 1). Thus, we have proved: a foliation !F on a Poisson manifold P is compatible with the 



Poisson structure iff L = P © T> is a Dirac subbundle oi E = TP © T*P. 

(3). The result is even interesting when P = 0. In this case, a Poisson structure on the quotient 
is simply another Poisson structure vri on P. Then, L is simply the graph of the bundle map 
T*P — > TP induced from the bivector field vri — vr. 



4 Invariant Dirac structures 

This section is devoted to the study of invariant Dirac structures of a Poisson group. As an 
application, we will give a new proof for the Drinfel'd theorem on homogeneous spaces. 

Lemma 4.1 Let P be a Poisson manifold with a Lie group G-action: {'^k}k<^G- Write (fikix) = kx 
for X (z P. Suppose that L C TP © T*P is a reducible Dirac subbundle. Then, L is G-invariant 
iff both the characteristic distribution V and the difference bracket {•,•}! defined by Equation ( f/^ 
are G-invariant. 

Proof. Firstly, Suppose that L is G-invariant. Then, D = L D TP is clearly G-invariant. For any 
keG and Yf + df er{L), 

+ ipDiYf + df) = ^-^}{Yf) + di^plf) G r(L). 
This means that 93^/ is also L-admissible and we may take ^^*/ = VklO'^f)- Hence, 

yif^'^lahix) = <Y^*j{x),d{iplg){x) > 
= <Y^*j{x),(pl{dg{kx)) > 
= < Yf{kx),dg{kx) > 
= {f,9}i{kx) 
= fl{f,9}i{x). 

Conversely, from the assumption, it is easy to see that the bundle map A as defined by Equation 
(11) is G-invariant. Thus L is G-invariant according to Equation (12). 
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Q.E.D. 



Remark. We note that in general the group action does not preserve the bracket on the double 
TP © j'*p unless it preserves the Poisson structure on P. However, as we shall see below, in most 
interesting cases, we need to study a Poisson group action, which does not preserve the Poisson 
structure. 



Theorem 4.2 With the notation above, suppose that G is a Poisson group and P is a Poisson 
G-space. Then the following statements are equivalent: 

(i) . L is G-invariant. 

(ii) . The G-action can be reduced to the quotient space PjT such that the reduced action is also a 

Poisson action. 



Proof. By definition, {•,•}! is G-invariant iff 

Vl{f,9}p - Wlf,^l9}p = Vl{f,9} - Wlf,vl9}, yf,9 G G^{P/J^). (14) 

Recall that, for a Poisson Lie group G, a Poisson manifold P with a G-action is a Poisson 
G-space iff the following equality: 

"PUf, 9}p{x) - Wlf, flg}p{x) = {fx,gx}G{k) (15) 

holds for all A; G G,x G P, and f,g e G°°{P), where the function G G°°(G) is defined by 
Uk) = f{kx). 

When L is G-invariant, its characteristic foliation is also G-invariant. Hence, the action can 
be reduced to P/T. Moreover, combining Equations ( [l^ ) and (15), we get 

^l{f,g}{x) - Wlf,vlg}{x) = {f„gMk),yk GG,xeP, and f,g E G£°(P). (16) 

This means that P/J- is a Poisson G-space. 

Conversely, if both P and P/J- are Poisson G-spaces, then Equations (^) and (|l6|) imply 
Equation (0), which is equivalent to L being G-invariant. 



Q.E.D. 



Now, by means of the theory of Dirac structures, we are in a position to explain the Drinfel'd's 
more or less mysterious theorem regarding Poisson homogeneous spaces, outlined in his short paper 
Q (also see [12| for the intepreation of the associated Dirac structures of Poisson homogeneous 
spaces in terms of Lie algebroids) . 

To a Poisson Lie group (G, ttg), there are associated two Lie bialgebroids. One is (TG, T*G; ttg) 
with the canonical Lie bialgebroid structure induced from the Poisson structure on G, and the other 
is its tangent Lie bialgebra (g, g*). Identifying TG®T*G with the trivial vector bundle Gx (g©^*) by 
left translations, it is clear that there is a 1-1 correspondence between maximal isotropic subspaces 
L of © g* and left invariant maximal isotropic subbundles L of TG © T*G. Moreover, we have 
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Lemma 4.3 Given any ei, 62 G let ei and 62 be their corresponding left invariant sections 

inTG(S,T*G. Then, 

[ei, 62] = [61,62]". 

Proof. Assume that 61 = X + 62 = y + r/ G fl ® fl*, and 6"i = X + ^, e"2 = ? + f/. Here X, F 
and ^, ?7 denote the corresponding left invariant vector fields and 1-forms on G for X, y G g and 
^, ?7 S 0* respectively. 

Prom the fact that [X,Y] = [X,Y]- and [^,7?] = [^,7?]" (see [|0|), it follows that 

Lj^e = {ad\i)-,L-^X = {adlX)-. 

This means that 

[X, i] = L^i - L-^X + - d) < X, > 
= {ad\ir - {adlX)- 



Therefore, 

[ei, 62] = [x,y] + [x,r?] + [^",y] + [e,f?] 

= [X,Y]" + [X,r]r + [^,Y]- + [tr]]- 
= [61, 62]". 

Q.E.D. 

An immediate consequence is the following: 

Corollary 4.4 As above, L is a subalgebra iff L is integrable. That is, Dirac structures of q (B g* 
are in 1-1 correspondence with left invariant Dirac structures of TG © T*G . 

Proof. Sections of L are spanned by those of the form /e, where / G C°°(G). The conclusion thus 



follows immediately from Lemma L3 by using Property (iii) of Proposition |2.2| . 

Q.E.D. 

Given a left invariant TG (B T*G Dirac stucture L (for the bialgebroid associated with the 
Poisson structure on G), its characteristic distribution L fi TG is just the left translation of the 
subalgebra t) = L (1 g oi g. So its quotient space is G/H, where H is the connected subgroup of 
G with Lie algebra f). On the other hand, it is well known that G/H is a nice manifold such that 
the projection is a submersion iff H is closed. In this situation, we call L a regular (0,0*) Dirac 
structure. In other words, L is regular if the left translation of t) = LOg defines a simple foliation 
on G. It is simple to see that L is regular iff L is reducible . Thus, by Theorem |4.2| , we obtain 
the following: 
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Theorem 4.5 Regular Dirac structures of g(B 3* are in 1-1 correspondence with Poisson homoge- 
neous spaces G/H, where H is a connected closed subgroup of G. 

Every homogeneous G space X is of the form X = G/H, where H \s a, closed subgroup of G, 
with H being its connected component at the unit. Then D = H/H is a discrete group, and the 
projection p : G/H — > X is a covering map with structure group D. Any Poisson structure on X 
can be puhed back to G/H such that p is a Poisson map. Moreover, if one is a Poisson homogeneous 
space, so is the other. Thus, any Poisson homogeneous G-space X = G/H induces a regular Dirac 
structure L in g © g*. It is easy to see that L is ^d^^^-invariant. 

Conversely, given a regular Dirac structure L of g © g*, let G/H be its corresponding Poisson 
homogeneous G-space. Then, the Poisson structure on G/H can be reduced to a homogeneous 
G-space X = G/H = (G/H)/D iff L is Ad/j-invariant, or equivalently, is Ad^-invariant. 

Thus, we obtain the following: 

Theorem 4.6 ^ Poisson homogeneous G-spaces bijectively correspond to pairs {L,K), where L 
is a regular Dirac structure 0/ g © g* and K is a closed subgroup of G with Lie algebra LDq such 
that L is invariant under the ( adjoint, coadjoint) action of K. 

5 Fullback of Dirac structures 

This section is devoted to a discussion of pullbacks of Dirac structures. It will be used in Section 

6 to extend {A, A*) Dirac structures on P to "left-invariant" (TG,T*G) Dirac structures on the 
Poisson groupoid G. These invariant structures are then related to Poisson structures on quotients 
of G. 

Given two vector spaces U , V, and a surjective linear map <I> : U — > V, its dual ^* : V* — > U* 
is injective and ^*{V*) = (ker^)-^. Write 

$ = $ © : U © (fcer$)^ — >V®V*. 

Clearly, ^ is a surjective linear map. Given any maximal isotropic subspace L C ^ ©1^*, we denote 
by L the inverse image $~^(L). Then, Z is a maximal isotropic subspace of U © J7*, which is called 
the pullback of L. 

Similarly suppose that A — > P and B — Q are vector bundles, and $ : A — > B is a 
surjective bundle map covering a map P ^ Q. Then, given any maximal isotropic subbundle 
L C B (B B*, we may define its pullback L C ^4 © ^* as the fiberwise pullback. Then, L is a 
maximal isotropic subbundle, and the restriction of ^ on L, denoted by the same symbol ^, is a 
vector bundle morphism L — > L. 

Given a vector bundle morphsim p : Ei — > E2, a section X of Ei will be called admissible 
if pX corresponds to a section X in E2. In this case, X and X are said to be p-related. If p is 
surjective, then r(£'i) is spanned over E (possibly infinite sum but locally finite) by all sections of 
the form fX for / G C°°{P) and X S r(i?i) admissible, by the partition of unity. 

Applying the obervation above to the bundle morphim ^> : L — > L, it follows that 

r(Z) = span{fe\y admissible e G r(L) and / G G°°(P)}. (17) 
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Theorem 5.1 Let {A,A*),{B,B*) be two Lie bialgebroids, and $ : A — > B a surjective bundle 
map. Thus the bundle map ^> = <I> © (<I>*)^-'^ : A © (ker^)-^ — > B ® B* is surjective. 

Given any maximal isotropic subbundle L C B ® B* , its pull back L = ^~^{L) is a Dirac 
structure of A(B A* iff L is Dirac structure. Moreover, in this case, ^ : L — > L is a Lie algebroid 
morphism. 

Proof. Since r(L) is spanned by sections of the form fe, it suffices to prove the fohowing identity: 

^[^1,62] = [61,62], V admissible ei, 62 G r(Z), (18) 



according to Property (iii) of Proposition 2.2 



Write ei = X + and 62 = Y + rj, where X and Y are admissible sections of A under the map 
$, and ^ and f/ are admissible sections of (ker^)-^ under the map 

($*)-!. Denote by X, Y, and 

^, r] their corresponding sections in B and B* , respectively. 
Since $ is a Lie algebroid morphism, by definition (see Q), 

^X,Y] = [X,Y]. (19) 

Moreover, <I> is a Poisson map, where A and B are equipped with the Lie-Poisson structures 
corresponding to the Lie algebroids A* and B* respectively, since $ is a Lie bialgebroid morphism. 
Thus, 

^*{1^,1^} = {^*1^, 

where l^ and Irj are the linear functions on B corresponding to 77 G T{B*). Therefore, 
Thus it follows that 

m-Hlv] = [^,v]. (20) 

That is, (<I>*)~^ : (ker^)^ — B* is also a Lie algebroid morphism, where (ker^)^ is considered 
as a subalgebroid of A* . Now 

[ei, 62] = [X, Y] + [X, r?] + t Y] + 77]. 

According to Equation ^, 

[X, f]] = Lxf] - LfjX + -{d* — d) < X,fi >= ixdfj — ifjd^X - -{d^, — d) < X,fj > . 

Since $ is a Lie algebroid morphism, df] is admissible and is ($*)~^-related to dr]. Similarly, d^:X 
is ^-related to d^X. Finally, note that < X,7] >= if* < X,7] >, so d^ < X,f] > and < X, 77 > 
are ^-related while d < X,?] > and d < X,r] > are (<I>*)^ ^-related. Hence, 

$[X,f/] = [X,r/]. 

Similarly, i>[^, y] = [i^,y]. Hence, Equality (^) follows. This concludes the proof of the theorem. 
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Q.E.D. 



Example 5.2 Recall that a hamiltonian operator on a Lie bialgebroid {B,B*) is a skew- symmetric 
two-form in r(A^i?*) satisfying the following Maurer-Cartan type equation [llj: 



dl + ^[l,l]=0. 

In particular, I is called a strong hamiltonian operator if both dl and [I, I] vanish. Given a two- 
form I G r(A^i3*), the graph Lj = {X -{-I'^XlX € B} of its induced bundle map is a Dirac structure 
iff I is a hamiltonian operator. 

Suppose that <I> : A — > B is a Lie bialgebroid morphism and I G T{A^B*) a (strong) hamiltonian 
operator. pulls a two-form in r(A^i?*) back to a two-form in r{A'^A*). It is easy to see that <!>*/ 
is then a (strong) hamiltonian operator in A. Moreover, the pull-back of the corresponding Dirac 
structure Lj is exactly the graph Lj of the (strong) hamiltonian operator I = <!>*/. 



Example 5.3 Given a surjective submersion ip : M — > N of manifolds M , N , its derivative 
defines a Lie algebroid morphism $ : TM — > TN . This is also a Lie bialgebroid morphism between 
(TM, T*M) and {TN, T*N), where T*M and T*N are considered as the cotangent algebroids for the 
zero Poisson structure. According to Gourant f^, in this case, a Dirac structure simply corresponds 
to a foliation on the manifold together with a family of closed 2-forms on the leaves. The pullback of 
the Dirac structure is just the pullback of the foliation by tp together with the pullback of two-forms. 

Remark. A Dirac structure on a vector space is equivalent to a two- form on a subspace Thus, 
we could also pull back an isotropic subbundle by any bundle map, not just a surjection. Of course, 
the pullback might not be continuous if the map is not of constant rank. Moreover, it is not clear 
whether the integrability condition is preserved. 



6 Left invariant Dirac structures on Poisson groupoids 

To generalize Drinfel'd's theorem on homogeneous spaces from Poisson groups to Poisson groupoids, 
we will first extend the notion of left invariant Dirac structure from Poisson groups to groupoids. 

Let (G^=^P;a,/3) be a Poisson groupoid, with Lie algebroid A. Here T{A) is identified with 
left-invariant vector fields on the groupoid. The dual bundle A* can be naturally identified with 
the conormal bundle of the identity space P in the groupoid, and therefore inherits a Lie alge- 



broid structure according to Weinstein |19|. Moreover, it was shown in that {A, A*) is a Lie 
bialgebroid, which is called the tangent Lie bialgebroid of G. 

By T"G, we denote the subbundle of TG consisting of all vectors tangent to a-fibers. The 
group B[G) of bisections of G (submanifolds which project diffeomorphically to P by a and (3) acts 
naturally on G by left multiplication: 

Ikx = K- X, e B{G), x£G. 
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As usual, the action lifts naturally to actions on TG and T*G which leave T°^G and (T^G)"*" 
invariant. 

Define a map $ : T*G — > A* as follows: given any x e G and ^ G T*G, set <I>(^) G A* with 
p = (3{x) such that 



Then, 



< w >=< ^, T/^u >, Vt; G yip 
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A* 



is a bundle map. 



G 



(22) 



p 



Remark. In terms of symplectic groupoids Q, <I> is just the /3-map of the cotangent groupoid 
T*G A* 0]. However, our symplectic structure on T*G differs a minus sign from the one on 
the symplectic groupoid T*G A*. Therefore, $ is a Poisson map. 

Another interesting way to think of $ is as the momentum map for the lifted right action of 
B{G) on the cotangent bundle T*G. Here A* is considered as a subset of T{A)* in the form of 
delta-distributions. It can be checked that the image of the momentum map is just A* . This also 
indicates that $ should be a Poisson map. 

The following lemma lists some basic properties of 



Lemma 6.1 (i). ker^ = {T°'G)-^; 

(ii) . for any X G T{A), ^*X, as a section in TG, is exactly the left invariant tangent vector field 

X obtained by left translating X along a-fibers; 

(iii) . <I> is B{G) -invariant, i.e., 

= $(^), yK G B{G), and ^ G T*G; 



(iv). ^ is a Lie bialgebroid morphism, where (T*G,TG) is equipped with the natural Lie bialgebroid 
structure associated with the Poisson structure G while {A* , A) is the flipping of the tangent 
Lie bialgebroid [A, A*) 0. 



Proof. The proof for (i)-(iii) is obvious, and is left for the reader. For (iv), since $ is already known 
to be a Poisson map, it suffices to show that it is a Lie algebroid morphism. This is, however, quite 
clear since the Lie algebroid structure on A* is defined in terms of the Lie algebroid structure on 
T*G by identifying A* with the conormal bundle of P in G 



19|. In fact, T*G is a LA-groupoid in 



terms of Mackenzie [ 15 1 . 



^In order to be consistent with previous notation for Lie bialgebroid morphisms, we have flipped both Lie bialge- 
broids here. 
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Q.E.D. 



Proposition 6.2 A Dirac structure L C TG © T*G is the pullback of a Dirac structure in A® A* 
iff 

(i) . L is B(G) -invariant, and 

(ii) . (T^G)^ C L. 

Proof. Using Ik, € B(G), we denote the i?(G)-action on TG®T*G. As in the previous section, 
let $ be the map (<I)*)~^ ® $ : T'^G © T*G — > A A*. It is obvious that $ is also invariant under 
the i?(G)-action, i.e., 

Suppose that L is a Dirac structure in TG ®T*G. If L is the pullback of a Dirac structure L in 
A©A*. Then, L = ^'^{L). Clearly, L is S(G)-invariant since is invariant. Since {T°^G)^ = ker^, 
it follows that (T^G)-^ c L. 

Conversely, the condition (r^G)-*- C Z implies that L C T°^G ®T*G, since L is isotropic. Since 
L is i?(G)-invariant, it follows that ^{L\k-x) = ^{IkL\x) = ^{L\x). Therefore, ^(Zl^,) depends 
only on the base point p = P{x), and thus defines a subspace Lp in Ap © Ap, which is easily seen 
to be maximal isotropic. Thus we obtain a maximal isotropic subbundle L in A (B A* suet that 



L = $ ^{L). According to theorem 5.1, L must be a Dirac subbundle. 



Q.E.D. 



When G is a Poisson group, pullback Dirac structures in the sense above correspond exactly 
to left invariant Dirac strucures as discussed in Section 4. For this reason, we shall call any such 
pullback a left invariant Dirac structure. Suppose that J- is a foliation on G with distribution 



T> C TG such that G/J^ is a nice manifold. According to Theorem 3^, every Poisson structure on 
G/J- corresponds to a Dirac structure L C TG © T*G. 

Theorem 6.3 L is the pullback of a Dirac structure L C A(B A* iff 

(i) . is B[G) -invariant; 

(ii) . {•,•}! is B[G) -invariant; and 

(iii) . V c T"G and {a*f, g}i = 0, V/ G G°°(P) and g G G~(G/.F) ^ Gf (G). 



Proof. Suppose that L is the pullback of a Dirac structure L under Then L is i?(G)-invariant. 
Thus, T) = L n TG is also i?(G)-invariant. According to Lemma [4.1| , {•, ■}i is i?(G)-invariant. For 
(iii), we note that L C T"G © T*G by Proposition |6.2| since L is isotropic. Thus it follows that 
T> = Lf] TG C T"G. Also note that a* f is constant along a-fibers, so 2? C T"G implies that a* f 
is admissible. Therefore, {a*f,g}i is well-defined. Now since da* f G (T^G)-*- = ker^ C L, we 
may choose Ya*f = 0. Thus, {a*f, g}i = Ya*fg = 0. 
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Conversely, assume that (i)-(iii) hold. So, for any / S C°°{P), a* f is L-admissible. As in Section 
3, let Ya*f G X{G) be any vector field that y„*/ + da* f G r(Z). Then, Ya*fg = {a*f, g}i = for 
all admissible g. This implies that y„*/ G r(D) C r(Z). Thus, da*/ G r(Z). Since ker $ = (T^G)^ 
is spanned by all such vectors, it follows that 

ker^ C L. 

By Lemma [4.1| , (i)-(ii) imply that L is i3(G)-invariant. Thus L is the pullback of L according to 
Proposition |6.2| . 

Q.E.D. 



7 Poisson actions 



Let G P be a Poisson groupoid with Poisson tensor ttq- Suppose that G acts on a Poisson 
manifold {X, tt) equipped with a moment map J : X — > P. Here, the action is a map 

m : (flr, x) I— > 5 • X 

from G X pX = {((7, x) G G x = J(x)} to X, satisfying the usual condition g-{h-x) = {gh)-x. 

The action is a Poisson action if its graph = {{g, x, g-x)\P{g) = J(x)} is a coisotropic submanifold 



of G X X X X H]. 



For example, consider a complete Poisson group H with dual Poisson group H* . Then G = HH* 
is a symplectic groupoid over H*. Suppose that X is a Poisson //-space with an equivariant 
momentum map J : X — > H*. Then, (X, J) is a Poisson G-space under the G-action ^ 

{g, u) ■ X = gx, g G H, u G H* and x G X such that J(x) = u. 



Any bisection K of the groupoid induces a diffeomorphism of G by left multiplication by K. 
This is denoted by Ik- On the other hand, we also can define a diffeomorphism of X by x — > 
K ■ X, Vx G X. This is also denoted by the same symbol when confusion is unlikely. 

A section of the moment map is a submanifold of X to which the restriction of J is a diffeo- 
morphism. Similarly, a local section of J is a submanifold 3^ of X to which the restriction of J is a 
diffeomorphism between y and an open subset J{y) of P. If J is a submersion, through any point 
of X there always exists a local section of J. A global section y induces a map, denoted by ry, from 
G to X given by: g — > gy. Similarly, given any compatible {g,x) G G * X (i.e. P{g) = J{x)), a 
local section y through the point x induces a map ry from a neighborhood of 5 to a neighborhood 
of X in the same way. 

The main theorem is the following: 



Theorem 7.1 Suppose that G P is a Poisson groupoid acting on a Poisson manifold equipped 
with a moment map J : X — > P. This is a Poisson action iff 
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(i) . For any f G C°°{P), 

Xj,f{x) = {r^),X^*f{u), (23) 

where x (z X and u = J{x). 

(ii) . For any compatible {g,x) £G*X, 

7:[gx) = {Ik)*tt{x) + {ry)^7:G{g) - {ry)*{lK)*7rG{u), (24) 

where u = f3{g) = J{x), K is any local bisection of G through g, and y any local section through 
the point x. 

Remark (1). Here denotes the map: g — > g ■ x from [3~^{u) to X. Since Xa*f{u) is tangent to 
I3^^{u), the right hand side of Equation ( p3| ) makes sense. 

(2). When G is a Poisson group, i.e. P reduces to a point, the first condition is satisfied 
automatically, and the second one reduces to the usual condition of Poisson action since TTciu) = 0. 



Proposition 7.2 Under the hypotheses of Theorem 7.1, if the action is a Poisson action, then 
J : X — > P is a Poisson map. 

Proof. Let x € X, J{x) = u and ^,?7 S T*P be any covectors at u. For any g (z G with P{g) = u, 
as covectors at the point {g,x,gx), both (— /?*^, J*^, 0) and {—P*r],J*r],0) are conormal to Q. 
Therefore, 

7rG{-f3*^,-P*v) + <J*^,J*v) = 0, 

which implies that ( J*7r(x))(^, r/) = —{f3*TTG{g)){C,v) = '^piu){C,r])- That is J^vr = vrp. In other 
words, J is a Poisson map. 

Q.E.D. 



Lemma 7.3 Let x & X and J{x) = u. Suppose that 6x € T^X and du G TuG such that {5u,Sx) G 
T(u,x){G * X). Let 5'x = m^{6u,Sx) G T^X. Then, 

5'x = + {rx)*{5u- <^*J*5x)-, (25) 
where e : P — > G is the inclusion of the unit space. 

Proof. As a tangent vector in T(^u,x){G * X), {6u,Sx) can be split into the sum of {e^J^5x,6x) and 
{Su — ^*J*Sx,0)- It is easy to see that m*((5u— e* J*5a;) 0) = {rx)*{Su—e>tJ^,5x) and m*(e* J^Ja;; <^a;) = ^x- 
This proves the lemma. 

Q.E.D. 
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Lemma 7.4 Suppose that (g, x, z) with z = gx is any point in il., and {6g, Sx,Sz) any tangent vector 
ofQ at this point. Let K he any (local) bisection of G through the point g and y any (local) section 
of J through the point x. Then, 

= ryjg + IkJx - lK^ry^^*J*Sx- (26) 

Proof. Let u = f3{g) = J{x), and Su = l^-i5g. Then, 5u is a tangent vector of G at u. It is clear 
that 

= lK,m^iSu,Sx) (By Lemma ^) 
= IkA^x + {rx)*{^u - e*J*^x)) 
= IkA^x +ry^{K - e*J*Sx)) 
= IrA^x + ry^lj^-iSg - e^J^5x)) 
= '^y*^a + Ik^Sx - lK,ry^e^J*Sx- 

Q.E.D. 

Corollary 7.5 Suppose that {g,x,z) E il, any (local) bisection of G through the point g, and y 
any (local) section of J through the point x. For any Q G T*X, the covector (— r^C, J*€*ryl^(^ — 
IrQi C) £ '^{gx z)(^ X X X X) is conormal to Q.. 

Lemma 7.6 Suppose that G^^P is a Poisson groupoid. Then for any f € C°°{P) and u £ P, 
Xa*f{u) — Xj3*f(u) is tangent to P and equals Xf{u). 

Proof. As a covector of G at n, a*df — f3*df is clearly conormal to the unit space P. Since P is a 
coisotropic submanifold, it follows that Xa*f{u) — Xp*f{u) is tangent to P. Hence 

Xo,*f{u) - X/3*f{u) = a4Xa*f{u) - X/3*f{u)) = Xf{u). 

Q.E.D. 

Proposition 7.7 Suppose that G =^ P is a Poisson groupoid acting on a Poisson manifold X with 
moment map J : X — > P. Suppose that the action is a Poisson action. Then, for any f E C°°{P), 

Xj,f{x) = (r^)*X„./(ti), Vx E X 

where u = J{x). 
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Proof. Take any g G G such that P{g) = J[x). Then (5, x, z) with z = gx\s in J7. For any C, € T*X 
and / G C~(P), as covectors at {g,x,z), both (-r^C, ^*e*?'y^Ji-C - ^IcC, C) and {- (3* df , J* df , 0) are 
conormal to fi. Therefore, 

^G(5)(-rK> -P*df) + 7r(x)(J*6*r^Z|,C " /^C, J*df) = 0. 

Now 

^G(5)(-rK>-«) = <-Xp,f{g),r*yC> 
= < -ry,Xp,f{g)X> 
= < -ryjK,Xp,f{u), C >, 

where the last step uses the fact: Xp*f{g) = Ik^X^* f{u). 
Also, 

7,{x){re*r*ylU.rdf) = iJMx)){e*r*yl*KC,df) 

= 7:piu){e*r*yl*j,C,df) 
= -Xf{u){e*r*ylU) 

= < —lKt'''y^^*Xf{u),C > (Using Lemma [7^) 

= < -lK,ry,{Xa*f{u) - Xp,f{u)),C >, 

and 

7r{x)(-l*KC,rdf) =< Xj,f{x),l*KC >=< lK,Xj*f{x),C> . 

Therefore, it follows that < —Ix-^ry^Xa* f{u)X > + < Ik^^^j* f{x)-,C >= 0, which implies immedi- 
ately that 

Xj*f{x) = ry^Xa'fiu) = {r^)*Xa*f{u). 

Q.E.D. 

Proposition 7.8 Suppose that G =^ P is a Poisson groupoid acting on a Poisson manifold X 
with moment map J : X — > P. Suppose that the action is a Poisson action. Then, 

7r{gx) = {Ik)*t^{x) + {ry)*'KG{g) - {ry)*{lK)*T^G{u), (27) 

where u = f5{g) = J{x), K is any bisection of G through g, and y any local section through the 
point X. 

Lemma 7.9 For any u G P and rj G T*G, 

Xa*e"n{u) + e^.a^:Xr,{u) - e^X^*n{u) = X^{u). (28) 
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Proof. It is clear that a*e*r]—r], as a covector of G at u, is conormal to P. Hence, Xa't'^riiu) —Xr]{u) 
is tangent to P. It follows that 

Xo,*e'ii{u) - Xr^{u) = e^a^i^Xa-e-riiu) - Xr,{u)) 

This completes the proof of the lemma. 

Q.E.D. 

Lemma 7.10 

7r{x)ire*r*yl*KC - 1^, re*r*yl*Krj - /^r?) = (/i^.^(x))(C, v) " {lK,ry,7TG{u)){C, r,). 

Proof. 

7rix)ir e*r*ylU,J*e*r*yl*KV) = (JM^^* r*ylU , e* r*yl*Kv) 

= 7Tpiu){e*r*yl*j,C,e*r*yl*j,r^) 
= < X,,r*yl*j^^{u),e*r^lKr] > 
= < e.^X^,r*yl-j^c{u),r*ylKr]> . 

TT{x){J*e*ryl*f^C, Ir^) = < Xj*e*r*yii,(:{x),l*Kr] > ( using Proposition [T^ ) 

= <ry,Xa'e'r*yl*^d^),lKV > 
= < Xa''e"r*yl*^du),r^lKV > ■ 

Using the above relations, 

= < Xr*^i*^d'^),a*e*r^lKr] > 
= < e^a^Xr*yi*^({u),ryrj^r] > . 



7T{x){re*r*yl*KC - IkC, re*r*yl*KV - IrV) 
= TT{x){re*ryiU,re*rl;l],,^) - TT{x){re*rl;lU^Kn) 
-i^{x){lU, re*r*yl*Kr^) + vr(x)(/^C, IrV) 

= < -Xr*yl*j,du),r*yl*Kr] > +TT{x)il*KC,lKr]) 

= -TTGiu)ir*yl*j^C, r*yl*Kv) + vr(x)(/|f C, IrV) 
= -{iK,ry,T^G{u){C,'n) + (/i^^7r(x))(C,r/) 
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Q.E.D. 



Proof of Proposition |7.8| : For any C,r] £ T*X, both {—ryC, J*(*'ryl%^C,—l*j^C: C) and (— r^r/, J*e*ry 
If^f], rf) are conormal to 0. Therefore, 



^G(5)(-rK, -^i'^) + <x){re*r*yl*KC " ^^C, re*r*yl*Kr, - 1],^) - 7t{z){C, v) = 0. 



The conclusion follows immediately by Lemma 7.10 



Q.E.D. 



Proof of Theorem 7.1: One direction has been proved by the above series of propositions. It 
remains to prove the other direction. 



First, we note that the first condition implies that J : X 
seen as follows. 



P is a Poisson map. This can be 



As a map defined on /3 ""^(u), we have {Jorx){r) = J{rx) = a(r), Mr ^ (5 "^{u). Then, it follows 



that 



J^Xj,f{x) = J^{r^)^Xa*f{u) = a^Xa*f{u) = Xf{u). 



Given any point {g,x,z) E C G x X x X. The conormal space of at this point is spanned 
by two types of vectors: {-P*df,J*df,0) for any / G C°°(P) and {-r^C, J*e*r^lKC^lKC,C) for 



any G T*X. Using the same arguments as in the proof of Propositions 7.2, 7.7 and 7.8, it can be 
easily checked that the evaluation of the Poisson tensor on all these vectors vanish. This concludes 
the proof 

Q.E.D. 

Remark. In the proof above, we only used the fact that Equation holds for one, instead of 



all, such bisections. Consequently, under the rest of the assumptions of Theorem 7.1, if Equation 
(pi) holds for any one bisection, it holds for all. 



8 Poisson homogeneous spaces 

The notion of homogeneous space for a groupoid action is more subtle than for groups. (This point 
has already been made in IQ, cited in |14]). One natural candidate for such a space is G acting on 
itself by left translations, but this action is not transitive in the usual sense, since f3{gx) = P{x), 
so that the action is transitive only on each /3-fibre. 

Instead, we define homogeneous G-spaces to be those which are isomorphic to G/H for some 
wide (i.e. containing all the identities) subgroupoid H of G. That is, we define G/H by the 
equivalence relation g ^ h <^=^ 3n H such that gn = h, with the moment map J{[g]) = a{g) 
and the action g ■ [h] = [gh]. The following is an intrinsic characterization of such spaces. 

Definition 8.1 A G-space X over P is homogeneous if there is a section a of the moment map 
J which is saturating for the action in the sense that G-a{P) = X. The isotropy subgroupoid 

of the section a consists of those g G for which g ■ cr{P) C cr{P). 
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Proposition 8.2 A G-space is homogeneous if and only if it is isomorphic to G/H for some wide 
subgroupoid H C G. 

Proof. It is easy to see that a G-space of the form G/H is homogeneous, since the image of the 
identity section of G is a saturating section of G/H. On the other hand, given a homogeneous space 
X with saturating section a, we define a map 9 : G — > X by 9{g) = g ■ a{(3{g)). 9 is surjective: 
for every x £ X we have x = g ■ a{p) for some g & G and p & P; then (3(g) = J{a{p)) = p, so 
X = g ■ a{l3{g)) = 9(g). On the other hand, if 9{g) = 9(h), i.e. g ■ a{f3{g)) = h • a{(3{h)), we have 
g~^h ■ a{P{h)) = a{(3{g)). Since g~^h can act on only one element of o'{P), it follows that g~^h 
belongs to the isotropy groupoid H of the section a. Also, for n G H, 9{gn) = gn-a{(3{gn)) = g-cr{p) 
for some p. But (3{g) = J{a{p)), so 

9ign) = g.iai(3ig))=9ig). 
It follows that 9 induces a bijection (which can be checked to be G-equi variant) from G/H to X. 

Q.E.D. 

Let {G P,a, (3) be a Poisson groupoid, and H a connected closed subgroupoid. Suppose 
that X = G/H is a Poisson manifold. Write p as the natural projection: G — > X. Let {•, ■}i be 
the difference bracket from G°°{X) (g) C°°{X) to G°°(G) as defined by Equation (|10|): 

{v, v^ii = p*y, V} - {pV, p>}g, V(^, V G c°^{x). 

X is a homogeneous space of the groupoid G. Write J as its moment map: X — > P. Then, 
J op = a. The main theorem of this section is 

Theorem 8.3 X is a Poisson homogeneous space iff 

(i) . For any bisection K of G, 

{i*K^, r^ijji = lUv, e G°°(x), 

i.e., {•,•}! is left invariant; and 

(ii) . for any f G G~(P) and ^ G C°°{X), 

{77,^^11 = 0. 

We split its proof into two propositions. 

Proposition 8.4 The following statements are equivalent: 

(i) . For any f G G°°(P), Xj,f{x) = (r^.),X„./(u), Vx G X with u = J{x). 

(ii) . For any f G G°°(P) and G G°°(X) {J*f, V}i = 0. 
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Proof. For any g eG,letx = p{g) = [gH] G X. Then, V/ G C°°(P), 

= \p^Xa*f{g)]i^ 
= \p*rg,Xa*f{u)]ip 

Now, it is clear that 

(P°r5)(7) = piig) = [igH] = r^ij), V7 G 
Hence, poVg = Vx on Therefore, 

{p*rf, p*^}g{9) = [(r,).X«./(u)]V'. 

On the other hand, 

P*{J*f, i'Kg) = {J*f, i^}{p9) 

= {J*f, ^}{x) 

Thus, it follows immediately that {J*/, ^}i = 0, V^" G C°°{X) is equivalent to the equation: 
Xj*f{x) = {rx)*Xa*f{u), Vx G X. 

Q.E.D. 

Proposition 8.5 The following statements are equivalent: 

(i) . For any bisection K of G, 

{i*K^, i^Vli = IkW, V'li, Vyp,^' G 

ie., {•,•}! is left invariant; 

(ii) . For any compatible {g,x) E G * X, 

-^{gx) = {Ik)*tt{x) + {ry)^7rG{g) - {ry)*{lK)*T^G{u), (29) 

where u = (3{g) = J{x), K is any local bisection of G through g, and y any local section 
through the point x. 

Proof. Let 7 be any point in G, ^(7) = YlH\ = x G X, and J{x) = a{'^) = u £ P. Also, let 
g = K{u) = KC] /3~'^{u) G G. Then, Ik J = 57 and Ikx = g ■ x. Thus, 
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p*{l*K^, = {Ik^, Ik^x) 

= 'ir{x){r^dip, l^dip) 

= l'K*'^{x){dip, dip), 

and 



{p*Ik^, P*Ik^}g{i) 
= ■^G{l){p*lKdLp, p*lKd'lp) 
= lK^P*T^G{l){dLp, dtp). 

That is, 

{iKif, Ik^}i{i) = -lK-,'n-{x){dip,dip) + lK,P*TTG{'y){d(p, dip). 
On the other hand, 

iKlf^i^jiii) = {f,4^}i{9i) 

= -{p*W,i^}){97) + {p*v,p*i'}G{g7) 
= -W,'P}{gx) + {pV,p>}g(57) 

= -T^{gx){dip,dip) +p^TTG{9l){d^,dip). 
Therefore, {•,•}! is left invariant iff 

Ik,t^{x) - Ik,p*t^g{i) = T^igx) -p*TTG{gi), 

or 

P*'T^G{gi) - Ik,p*t^g{i) = T^igx) - Ik^t^{x). (30) 
Since G is a Poisson groupoid, according to Theorem 2.4 in |^3|, we have 

T^G{gi) = Ik,t^g{i) + rn,T^G{g) - lK,rn,T^G{u), 
where TZ is any local bisection of G throuhg the point 7. Hence, it follows that 

p*T^G{gi) - Ik,p*t^g{i) = p*'rn,'T^G{g) - lK,p*rn,T^G{u). 

Here, we have used the identity: pol^ = Ik°P, as both being considered as maps from G to X. 

Let y = p{TZ) C X. Then is a local section of J through the point x. It is simple to see that, 
as maps from G to X, por-ji = ry. 
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Hence, 



This shows that Equation (|30| ) is equivalent to Equation ( p4|) with 3^ = p{lZ). The conclusion 
thus follows from Theorem 7.1 together with the remark following its proof. 



Q.E.D. 



A Dirac structure L of A © ^* is called regular if L n ^ is a subalgebroid of A whose left 
translation defines a simple foliation on G^. Then, L is regular iff L is reducible . Thus, combining 
Theorem 6.3 and Theorem |8.3|, we obtain the following main theorem, which is a generalization of 



Drinfel'd's theorem in the groupoid context. 



Theorem 8.6 For a Poisson groupoid G, there is an 1-1 correspondence between Poisson homo- 
geneous spaces G/H and regular Dirac structures L of its tangent Lie bialgebroid, where H is the 
a-connected closed subgroupoid of G corresponding to the subalgebroid Lr\A. 



We end this section with some examples. 



Example 8.7 Under the same hypothesis as in Theorem \8.dl , if moreover L is the graph of a 
hamiltonian operator H £ r(A^A), its corresponding Poisson homogeneous space is still G, but 
equipped with a different Poisson structure ttg + ^*H. Here <^*H € r(A^rG) is the pull back of 
H under the morphism ^ : T*G — > A* . This Poisson structure in fact defines a Poisson affinoid 
structure in terms of Weinstein JH]/. 



Example 8.8 For a Poisson manifold {P,tt), let (TP,T* P,tt) be its canonical Lie bialgebroid. 
The corresponding Poisson groupoid is the pair groupoid G = P x P. It is easy to see that any 
homogeneous G -space in this case is always of the form P x P jT , where T is a simple foliation on 
P. The groupoid G-action is given by: 

{x,y) ■ {y,[z]) = {x,[z]), yx,y,zeP. 

Moreover, this becomes a Poisson homogeneous G-space iff P is equipped with the original Poisson 
structure vr (the Poisson structure on P/J- may be arbitrary). In other words, in this case, Poisson 
homogeneous spaces are in 1-1 correspondence with Poisson structures on quotient manifolds of P. 



Thus, Theorem 8. 6 reduces to Theorem \3. 



Example 8.9 Dually, we may switch the order and consider the Lie bialgebroid {T*P, TP) for 
a Poisson manifold P. Its corresponding Poisson groupoid G, if it exists, is in fact a symplectic 
groupoid of P (see Theorem 5.3 in JT^/j. It is not difficult to see that a homogeneous space X 
becomes a Poisson homogeneous space iff the moment map J : X — > P is a Poisson map. Thus 
we obtain the following 

■^In the case of groups, this is equivalent to saying that L r\ A can be integrated to a connected closed subgroup 
of G. However, when G is a groupoid, that L d A can be integrated to a connected closed subgroupoid seems not 
sufficient to get a simple foliation. 
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Corollary 8.10 Suppose that P is an integrable Poisson manifold with symplectic groupoid G. 
There is a one-one correspondence between reducible Dirac structures in the double E = T*P®TP 
and homogeneous G-spaces X equipped with a compatible Poisson structure in the sense that the 
moment map J : X — > P is a Poisson map. 



It is worth noting that when P is symplectic, for a given null Dirac structure on E = TP(BT* P, 
the corresponding pair of Poisson homogeneous spaces in Example 



and |8.9| correspond to a 
Poisson dual pair. In other words, for a symplectic manifold P, a null Dirac structure on E = 
TP © T*P, under a certain regularity condition, corresponds to a Poisson dual pair. It would 
be interesting to explore what happens for a general Dirac structure, and also even more general 
situation when P is degenerate. 

The last example is the following 



Example 8.11 As in Example 8.i, let P be an integrable Poisson manifold with symplectic group- 
oid G, and E = T*P®TP. 

Assume that the Dirac structure arises from a hamiltonian operator, which is, in this case, a 
two form 6 on P satisfying the equation: 



Its corresponding Poisson homogeneous space, as described in Example 8.1, is G equipped with 



the "affine" Poisson structure ttg + ^*9, where ^ : T*G — > TP is the (3-map of the cotangent 



symplectic groupoid as defined by Equation (21). In general, it is not clear whether this is still 
nondegenerate. 

However, in the extreme case that P is a zero Poisson structure, we will see that it is still 
symplectic. 

To see this, we note that $ fits into the following commutative diagram: 



This implies that 
Therefore, 



T*G 



# 



G 

TG 



TP 

id ■ 
TP 



(31) 



G- 



where uj denotes the symplectic structure on G. 
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On the other hand, it follows from the fact that Im{a*9)^ C T'^G^ and T'^G^ C A;er$ that 

{^*e)*.{Q*ef = 0. 

Thus, 

(7r| + ($*^)#)o(a;'' + {a*ef) = id + iT%o{{a*ef - {(3*ef). 

That is, in case that (5*6 = a*9, the affine Poisson structure ttq + is non- degenerate and 
the corresponding symplectic form is uj + a*9. 

Thus, when P is a zero Poisson manifold, its symplectic groupoid is T*P equipped with the 
canonical cotangent symplectic structure. In this case, a = (3 and is just the natural projection from 
T*P to P. A hamiltonian operator corresponds to any closed two form 6 on P. The homogeneous 
space corresponding to its induced Dirac structure is again T*P, with the non- degenerate Poisson 
structure coming from the sum of the canonical 2-form and the pullback of 6 by the projection 

rp* p ^ p 
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